Abstract We establish two characterizations of local Laplace transforms in Banach spaces. The first result follows the classic approach of Widder, while the second is in terms of vector-valued moment sequences. As a consequence, we derive characterizations of nilpotent semigroups.
Introduction
In the theory of semigroups of linear operators in Banach spaces, the Laplace transform plays an important role. Although the original proofs by Hille and Yosida (see, for example, [3] ) of the generation theorem for strongly continuous semigroups were operator theoretic and did not involve the inversion of the Laplace transform explicitly, the importance of the latter soon became evident. The first attempt at the generation of semigroups using the inversion of the Laplace transform is due to Phillips [6] . The classical reference on the inversion of the Laplace transform is [8] . This reference deals with scalar-valued functions and it was already remarked in [3] that it does not carry over to arbitrary Banach space-valued functions (although it does hold for resolvents of densely defined linear operators). A breakthrough came about in 1987 with the publication of Arendt's paper [1] (see also the systematic account given in the monograph [2] ). In this paper, the following characterization of Banach space-valued Laplace-Stieltjes transforms is proved, using well-known results of Widder in the scalar case. This result was applied to the abstract Cauchy problem leading to the introduction of the concept of exponentially bounded n-times integrated semigroups. The Schrödinger equation in L p (R N ), p = 2, is one example in which the classical semigroup theory fails completely. Arendt's result is by now the most general generation theorem that depends solely on the behaviour of the resolvent on the real line.
Our main goal is to establish a real variable characterization of the local Laplace transform. The concept of local Laplace transform was introduced and studied in Ljubich [4] (see also [5] Given a function F , we obtain conditions for such a representation to be possible for some ϕ ∈ L p [0, τ]. The result is then lifted to the Banach space setting to give a analogue of Theorem 1.1. In the scalar case and for 1 < p ∞ the necessary and sufficient conditions on F to be a finite Laplace transforms read as follows, 
Here,
are the Widder operators. Application of the vector-valued version of this result is less easy, since in this case, the relationship between the resolvent and the local Laplace transform is less simple. We achieve the result by using the Phragmén-Doetsch inversion formula. Details of applications to the abstract Cauchy problem will be given in a subsequent paper. The plan of the paper is as follows. In § 2, we give a characterization of local Laplace transforms first for scalar-valued functions and then for Banach space-valued functions. This result seems to be new even in the scalar case. We also obtain a characterization of vector-valued finite Laplace transforms in terms of vector-valued moment sequences. As a consequence, we obtain a new characterization of nilpotent semigroups.
The finite and local Laplace transforms
In this section we investigate finite and local Laplace transforms, which are the main tools for the proof of the Hille-Yoshida Theorem for local convoluted semigroups. We provide characterizations of functions which are finite Laplace transforms of scalar-valued L pfunctions. From this we derive the characterization of functions which are finite or local Laplace-Stieltjes transforms of vector-valued Lipschitz-continuous functions. This result is needed in subsequent sections. As an easy corollary we also obtain a characterization of nilpotent semigroups.
Let us first recall the definitions of local and finite Laplace transforms, which are taken from [4] . 
If there exists a finite Laplace or Laplace-Stieltjes transform Φ such that F can be written as We note that
also exists if φ is continuous. Let us clarify some notation before we start with the characterization of finite LaplaceStieltjes transforms of scalar-valued functions.
By
. By N we denote the natural numbers excluding zero and we write N 0 instead of N ∪ {0}. 
For the proof of this proposition we need some lemmas.
Proof . There is nothing to prove if
is also increasing in [0, τ] , and the conclusion follows.
Below we assume that τ is a fixed positive number.
Now we are in the position to prove Proposition 2.2.
Proof of Proposition 2.2. (i) ⇒ (ii). If we assume (i), then it follows from
Here, Var(φ) denotes the total variation of φ. Moreover, by Lemma 2.3,
Consequently,
Therefore, it follows from [8, Theorem VII.12a] that there exists a normalized function ψ : [0, ∞) → C of bounded variation such that
Consequently, if τ < t 0 < t 1 , we obtain from Lemma 2.5
we obtain
We can now prove the following characterization of finite Laplace transforms of scalarvalued L p -functions, where p > 1. Below, L p [0, τ] stands for the usual L p -space of complex-valued functions. We also introduce the notation e λ (t) := e −λt = exp(−λt). 
The second condition sup
follows from Proposition 2.2, since F is the finite Laplace transform of the L 1 -function f . Conversely, if F fulfils (ii), then it follows from Proposition 2.2 that F is the finite Laplace-Stieltjes transform of a function of bounded variation. Consequently, F is the Laplace-Stieltjes transform of a normalized function φ : [0, ∞) → C of bounded variation, and φ is constant on (τ, ∞). Furthermore, φ(0
On the other hand, the family (
is bounded and equicontinuous on [0, τ] . This follows from the estimate 
and the proof is complete. (ii) sup
and from Proposition 2.6 we obtain
Moreover, since the finite Laplace transform is one-to-one on L ∞ [0, τ], the function f x * is unique. Therefore, we can define an operator
It is clear that S is linear, and (2.2) implies that S is bounded with S M . Now we consider the operator
Applying the operator T to the function e λ gives T e λ , x * = e λ , Sx
In particular, T e λ = F (λ) belongs to X for every λ > 0. Since the set {e λ : λ > 0} is total in L 1 [0, τ], it follows that the image of T belongs to X. Hence, by [7] there exists a function φ ∈ Lip([0, τ], X) with φ Lip[0,τ ] = T such that
In fact we have φ(t) = T (1 [0,t) ). Taking g = e λ finally yields
Remark. We proved Theorem 2.7 only for the case where φ is Lipschitz continuous, although a similar theorem is true for a wider class of functions, i.e. the functions of bounded p-variation. Definition 2.8. Let I ⊂ R be a closed interval with left end point a ∈ R and nonempty interior, and let φ : I → X be a function. For 1 p < ∞ we define the p-variation of φ by
and the ∞-variation of φ by With the techniques used in [7] it is easy to deduce from Proposition 2.6 the following theorem. ( (ii) There exist functions Φ ∈ C ∞ ((ω, ∞), X) and ε : (ω, ∞) → X with
4)
and
Before proving this corollary we give the following definition. On the other hand, if Φ fulfils the estimates (2.4) and (2.5), then
If F fulfils the local Widder conditions on [0, τ] for every τ > 0 with constants M and ω independent of τ , then F is not necessarily a global Laplace-Stieltjes transform, as the following lemma shows. The proof is straightforward from our previous considerations and we therefore omit it. Lemma 2.12. Let ω ∈ R and M > 0. For every F ∈ C ∞ ((ω, ∞), X) the following assertions are equivalent. 
(3) For every τ > 0 the function F is the local Laplace-Stieltjes transform of a function
With the techniques used in the proofs of Theorem 2.7 and Corollary 2.10, one can easily prove Theorem 1.1 in another way as Arendt [1] did (he only used the global Widder result in the scalar case and the uniqueness theorem for Laplace transforms). We will need this result below and therefore recall it in a slightly generalized version as the following corollary. (ii)
i.e. F fulfils the (global) Widder conditions with constant M .
Laplace-Stieltjes transforms and moment sequences
Although we restricted ourselves to complex-valued functions and complex Banach spaces, all the results obtained so far are equally valid also in the real case. In contrast, the following result requires the complex number system as the underlying scalar field, since we are dealing with holomorphic functions. A scalar-or vector-valued sequence (η n ) n=0,1,... is called a moment sequence if there exists a scalar-or vector-valued function φ of bounded variation on [0, 1] such that
If the function φ is not only of bounded variation, but is also Lipschitz continuous, then we call (η n ) an ∞-moment sequence. The function φ is called the representing function of the moment sequence η.
We now give a characterization of finite Laplace-Stieltjes transforms of vector-valued Lipschitz-continuous functions via ∞-moment sequences. (ii) The sequence (η n ) n=0,1,... given by
We will see that the proof of the equivalence (i) ⇔ (ii) is very elementary, whereas the proof of (ii) ⇔ (iii) requires the following result of Widder [8, Theorem III.6] . (η n ) n=0,1 
Theorem 3.2. A (complex) sequence
where
In this case, φ Lip = M , where φ is the representing function of (η n ).
Proof of Proposition 3.1. (i) ⇒ (ii). Statement (i) implies
where ψ is given by
Since φ is Lipschitz continuous it follows that ψ is Lipschitz continuous. Therefore, (η n ) given by
and put
The function φ is Lipschitz continuous since ψ is Lipschitz continuous. Moreover,
Since both G and F are holomorphic in the region U it follows that F (λ) = G(λ) in U . Consequently,
(ii) ⇒ (iii). If (ii) holds, then it follows from Theorem 3.2 that
where (η n ) is defined as in (ii). Hence, by Theorem 3.2, there exists for every
Moreover, the function f x * is uniquely determined. This follows, for example, from the fact that the monomials (t n ) are a total subset in L 1 [0, 1]. Therefore, we can define an operator
This operator is linear and bounded, and its norm can be estimated by S M . Now, consider the operator
If γ n (t) = t n is a monomial, then
In particular, T γ n = η n belongs to X for every n ∈ N 0 . Since
. By [7] we can now find a Lipschitz-continuous function φ : [0, 1] → X with
and we obtain finally
Nilpotent semigroups
We want to use the results obtained for a characterization of the generators of nilpotent semigroups. The following lemma is needed as a preparation.
Proof . Assume there exists z ∈ U \ ρ(A).
Since R is non-empty we can pick λ ∈ R, and since U is connected we can find a continuous path p : Since A has non-empty resolvent set we know that A is closed. Equation for all λ in a ball with centre µ. Since the right-hand side of this equation defines an entire function, it follows from Lemma 4.1 that the spectrum of A is empty, and the resolvent is the finite Laplace transform of φ on the whole complex plane. Therefore, we can conclude as above that A generates a C 0 -semigroup T which is supported on [0, τ].
